Recent experimental progress in state-dependent optical lattices allows one to simulate quantum optical phenomena using ultra-cold atoms. In these systems, the role of both photons and quantum emitters is played by two internal atomic states trapped in very different potentials, such that they behave as matter-waves and strongly localized atoms, respectively. Here we show that, by periodically moving one of the optical potentials, one can effectively couple the simulated emitter to several bath lattice sites and tailor its emission patterns (and interactions) in unconventional ways. As an illustration, we consider a two-dimensional structured bath and show how to obtain: i) perfect one-dimensional (or even trapped) radiation despite the 2D character of the bath; ii) chiral emission in a single (or two orthogonal) direction(s); iii) cancellation of the non-Markovian behaviour occurring at 2D Van-Hove singularities while still keeping a directional radiation pattern. Even though we discuss these phenomena in the context of two-dimensional matter-waves, the conclusions can be extended to higher dimensions, and to other systems where such non-local couplings can be obtained, e.g., giant atoms coupled to superconducting or surface acoustic waves.
Recent experimental progress in state-dependent optical lattices allows one to simulate quantum optical phenomena using ultra-cold atoms. In these systems, the role of both photons and quantum emitters is played by two internal atomic states trapped in very different potentials, such that they behave as matter-waves and strongly localized atoms, respectively. Here we show that, by periodically moving one of the optical potentials, one can effectively couple the simulated emitter to several bath lattice sites and tailor its emission patterns (and interactions) in unconventional ways. As an illustration, we consider a two-dimensional structured bath and show how to obtain: i) perfect one-dimensional (or even trapped) radiation despite the 2D character of the bath; ii) chiral emission in a single (or two orthogonal) direction(s); iii) cancellation of the non-Markovian behaviour occurring at 2D Van-Hove singularities while still keeping a directional radiation pattern. Even though we discuss these phenomena in the context of two-dimensional matter-waves, the conclusions can be extended to higher dimensions, and to other systems where such non-local couplings can be obtained, e.g., giant atoms coupled to superconducting or surface acoustic waves.
Controlling atomic emission and interactions has been a central goal in quantum optics since Purcell predicted that such quantum optical properties can be tailored modifying the photonic environment around them [1] . A timely example of this are the systems where atoms or other quantum emitters (QEs) interact with the structured photons confined in nanophotonic structures [2] [3] [4] [5] [6] [7] [8] [9] [10] . In these systems, the photons display structured energy dispersions, leading to a plethora of effects absent in other photonic environments, such as bound states outside [11] [12] [13] [14] [15] [16] or in the continuum [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , longrange spin interactions [27] [28] [29] [30] , non-Markovian decays [31] [32] [33] [34] [35] [36] [37] , or many-body entangled stationary states [38] [39] [40] [41] .
These exciting prospects have motivated the simulation of such structured photonic environments with microwave photons in circuit QED [42] [43] [44] , or with matter-waves in statedependent optical lattices [40, 41, [45] [46] [47] . Apart from the improvement in figures of merit that these novel implementations bring, they also allow to explore phenomena beyond what can be obtained with optical photons. One paradigmatic example is the physics of giant atoms, i.e., QEs that interact simultaneously with several bath positions separated far beyond the QE optical transition wavelength [48] [49] [50] [51] [52] [53] [54] [55] . When coupled to one-dimensional baths, the giant atom emission into different bath positions leads to strong interference effects which can be exploited to engineer chiral light-matter couplings [40, 41] , or to obtain long-range coherent interactions protected from dissipation [55] . Translating such effects to higher dimensional baths looks, a priori, challenging. The reason is that the resonant photons mediating the interactions, defined by the isofrequencies of ω(k) at the QE transition frequency, are contours (or surfaces) in the k-space, instead of points, making perfect interference more difficult. Furthermore, there is still no implementation, to our knowledge, which couples these giant atoms to two or three-dimensional structured baths.
In this manuscript, we propose a way to engineer non-local light-matter couplings in baths with arbitrary dimension us- ing ultra-cold atoms in state-dependent optical lattices [45] [46] [47] (see Fig. 1 ), and exploit them to obtain phenomena with no analogue in other setups. The way to obtain such couplings is to move the relative position between the state-dependent potentials [56] [57] [58] such that each QE explores several bath positions in a periodic fashion. Using a Floquet analysis, we show that, when the periodic movement is fast enough, the QE effectively couples to several bath lattice sites. Then, we illustrate the potential of such exotic light-matter couplings in high dimensions by shaping the spontaneous emission of a QE spectrally tuned to a 2D Van-Hove singularity [18] [19] [20] .
In particular, we show how giant QEs can modify the nonMarkovian nature of the dynamics, and lead to unconventional emission patterns such as perfect 1D (and 0D) propagation, or chiral 1D emission in one or two directions, which translate into unconventional collective QE interactions when several giant QEs couple to the bath.
Let us first remind how to obtain the standard quantum optical Hamiltonian with ultra-cold atoms [45] [46] [47] , schemati- Figure 2 . Bath population at a time tJ = N/4 after the desexcitation of a single QE that moves between two lattice sites at positions (0, 0),
1J and ω as depicted in the legend. Bath linear size is N = 512.
cally depicted in Fig. 1 (a): one needs an atom with two internal atomic states a/b subject to different potentials V a/b (R). These potentials are created with counter propagating lasers in one, two, or three-dimensions [59] , determining the dimensionality of the simulated bath. The b-atoms are trapped in a deep potential such that they mostly localize within a lattice site, and in the strongly interacting regime, which means that there will be at most one b-excitation per lattice site such that their excitations can be represented by spin operators σ n j ge , with σ n αβ = |α n β |. On the contrary, when the atoms are in the a-state, they can hop to their nearest neighbours at a rate J without interactions, mimicking photon propagation. Besides, one needs an extra field that transfers the b excitations into a ones (and viceversa), which can be obtained via a twophoton Raman transition [47, 60] (or a direct one in the case of Alkaline-Earth atoms [61, 62] ). Let us denote as g n j the a-b coupling at site n j , which can be controlled in both magnitude and phase though the lasers. As derived in Refs. [45, 46] , the Hamiltonian describing the dynamics of the excitations of the a and b atoms mimics the one standard light-matter interactions, that is, H = H S + H B + H int , where:
where for illustration we restrict to the case of single QE, dropping the superindex in the spin operators. The a k (a † k ) are the annihilation (creation) operator of a matter-wave excitation with momentum k, whose energy dispersion ω(k) is controlled by the geometry of V a (R). Since the confinement of the QE excitations is strong, it couples locally to the bath at the QE position, like it occurs for optical photons [63] .
Let us now explain how to effectively transform this local coupling into a non-local one among {n α } N p α=1 positions. The key ingredient is to dynamically move the relative position between the V a/b (R) potentials in a periodic fashion, e.g., changing the relative phase between the lasers creating the potentials [59] . If the movement is adiabatic, that is |Ṙ(t)| dω trap , where d the distance between lattice sites, and ω trap the trap frequency [56] [57] [58] , the atoms remain in the lower band and can still be described by a Hamiltonian as in Eqs. 1-2 but with time-dependent parameters. In particular, if we assume, e.g., that the a potential moves such the simulated QE probes the {n α } N p α=1 positions and that the laser parameter change as needed in each position, the Hamiltonian can be written as:
where the adiabaticity condition translates into |ġ n α (t)|/max|g n α (t)| ω trap . Now, to formally derive how the desired non-local couplings emerge using Floquet analysis, we consider that QE moves periodically along N p positions with period T (and frequency ω = 2π/T ), probing each position during a constant time interval T /N p with coupling strength g n α [64] . With that assumption, we can apply Floquet theory [65] to obtain an effective Hamiltonian description in the high-frequency limit, ω |g n α |. To the lowest order, this effective Hamiltonian corresponds to the non-local light-matter couplings that we want to obtain (see Sup. Material [66] ):
where g n α /N p is the time average of g n α (t). We also calculate the next-order term contribution, whose corrections can be upper bounded by ∼ 4|g max | 2 N 2 p ζ [3]/(π 2 ω) |g max | for the situations of interest of this manuscript, where |g max | = max|g n α |. Summing up, to obtain the desired behaviour the periodic movement has to be slow enough to stay within the lowest band of the tight-binding Hamiltonians of Eqs. 1-2, but fast compared to the induced QE timescales, such that it effectively couples to several positions, i.e., ω trap ω |g max |, where we assumed |ġ n α (t)|/max|g n α (t)| ∼ ω.
To illustrate the potential to obtain unconventional phenomena with giant QEs coupled to higher dimensional baths, we study the spontaneous decay of an excited giant QE coupled to two-dimensional bath with ω(k) = ω a − 2J [cos(k x ) + cos(k y )]. When the QE interacts locally in space with frequency ω e = ω a , it couples equally to all the resonant k's, which are defined by the lines: k x ± k y = ±(∓)π. These equifrequencies include points with zero group velocity, v g (0, ±π) = v g (±π, 0) = (0, 0), responsible of the 2D Van-Hove singularity in the density of states [67] , and lead to two remarkable effects in the QE spontaneous decay [18] [19] [20] : i) its emission pattern is highly anisotropic, as shown in Fig. 2(a) , emitting mostly in four directions, with some diffraction due to the inhomogeneous group ve- 
locity of the wavepacket; ii) its dynamics is intrinsically nonMarkovian due to divergence of the density of states at this frequency [19, 20] . Now, we show how by judiciously choosing g n α (t), one can design very exotic behaviours.
Quasi-1D emission. First, we show how to cancel the emission in one of the diagonals of Fig. 2(a) by coupling to two lattice sites, e.g., n 1/2 = (0, 0)/(1, 1). To numerically show how the Floquet averaged Hamiltonian H int,eff emerges, we assume that the movement between the lattices is such that g n 1 = g cos 2 (ωt/2), g n 2 = g sin 2 (ωt/2), and solve the dynamics using H int,mov (t). In Fig. 2(b-d) we plot the bath population in real space for a bath linear size N = 512, g = 0.1J, after a time tJ = N/4 from the initial excitation, and for several ω's. As expected, for ω g, the emission occurs in four directions as if the QE was locally coupled. However, as ω increases, the interference between the bath emission in two different points starts occurring, until it cancels the emission in one of the diagonals. This behaviour can be understood by noticing that in the perturbative limit, the asymptotic bath state reads (up to a phase) [20] :
where Γ M is the Markovian decay rate, and G(k) is the effective light-matter coupling between the emitter and the kmodes, H int,eff = ∑ k G(k)a † k σ gs + H.c. , which reads:
In this case G 1D (k) ∝ 1 + e −(k x +k y ) , which satisfies
Thus, the giant QE is effectively uncoupled from the k-modes responsible of the forward/backward direction in the diagonal where the giant QE is coupled to, and does not decay into them. After having numerically seen how H int,eff emerges from H int,mov (t) for this If now we let the QE position to move around four positions, i.e., (±1, 0), (0, ±1), instead of two, the effective k-coupling reads: G trap (k) = g e ik x + e −ik x + e ik y + e −ik y /4. This leads to a cancellation of the coupling among the four resonant k-lines. Thus, when the periodic movement is fast enough, the QE does not decay and the emission becomes trapped between the four lattice positions (not shown). Even though these giant QEs does not decay into the bath, by interspersing their spatial coupling, the confined virtual photons may still mediate coherent interactions between them, like it occurs for 1D setups [55] .
Filtering non-Markovian emission. Another thing that can be achieved by coupling to few lattice sites is to effectively decouple from zero-group velocity terms ocurring at k = (0, ±π) and (±π, 0). For that, we only require the coupling to four lattice sites, (±1, ±1), (±1, ∓1) with an alternating ±1 phase, such that the k-dependent coupling reads:
This has two remarkable consequences: first, the giant QE emission shows a more homogeneous directional emission as observed in Fig. 3(a) . Second, it smoothens the effective spectral density probed by the giant QE, as plotted in Fig. 3(b) , which makes the QE dynamics Markovian. Thus, giant QEs provide a way to decouple directional emission and non-Markovian dynamics in 2D Van-Hove singularities
Reverse design: chiral and V-type emission. In the previous examples it was possible to guess the spatial couplings required to obtain the desired behaviour. An alternative ap-proach consists of first guessing the G(k) required to obtain a given behaviour for a set of equifrequencies, and then Fourier transforming it to get the spatial dependent couplings one needs to design, that is
For example, let us imagine we want to obtain perfect chiral emission in one or two orthogonal directions out of the four appearing with local couplings. It is easy to see that:
cancels the coupling to the light emitted in three (or two) of the four directions, respectively. Then, using Eq. 7 we can obtain the spatial profile of the couplings, which we plot in the inset of Figs. 4(a-b) . The coupling spatial pattern is more intricate than in the previous situations because it requires adding complex phases (not shown), and involve the coupling to many lattice sites. Since this will be experimentally challenging, one needs to adopt a truncation strategy in which one approximates the sum by a finite number n tr of terms, G(n) ≈ G trunc (n; n tr ), e.g., removing the couplings where |G(n)| is below a certain value. This is what we do in Figs. 4(a-b) , where we observe that even for a small n tr the giant QE approximates very well the desired behaviour. Finally, in Fig. 4(c-d) we show how increasing n tr , the percentage of light collimated in the desired directions goes close to 100 %. QE interactions. Let us finally point how these unconventional emission patterns will translate into exotic QE interactions when N e QEs are coupled to the bath. For simplicity, let us assume that each QE has a k-dependent coupling G j (k) = G(k)e −ik·n j , where e −ik·n j is a global phase factor which indicates the giant QE central position (n j ), and G(k) is a common k dependent coupling defined by the non-local couplings around the position n j . Then, if we trace out the bath degrees of freedom under the Born-Markov approximation, the QE reduced density matrix (ρ) dynamics is governed by the following master equation [68] :
The collective interactions J i, j , γ i j are given by:
whose integrand is directly connected with the asymptotic emission pattern described in Eq. 5. This tells us, for example, that using the couplings G 1D (k) or G chi (k) we will be able to simulate standard or chiral [69] waveguide QED couplings in two-dimensional baths, as well as other QE interactions with no counterpart in other setups, i.e., V-type collective decays.
Conclusions & Outlook. Summing up, we propose a method to engineer effective non-local light-matter couplings using ultra-cold atoms in dynamical state-dependent optical lattices. Controlling the confinement and relative position of two optical potentials, one can simulate giant atoms coupled to photonic baths in one, two and three dimensions. Irrespective of the implementation, we also numerically illustrate the potential of giant emitters to engineer unconventional quantum optical behaviour when coupled to a two-dimensional structured bath. In particular, we exploit the interplay between the non-trivial energy dispersion and non-local couplings to obtain emission patterns and dissipative interactions with no analogue in other setups. These phenomena can be naturally extended to other setups where such non-local couplings can be engineered, e.g., circuit QED or surface acoustic waves [40, [48] [49] [50] [51] [52] [53] [54] [55] , or to higher dimensions [70] .
An interesting question to explore is the design of nontrivial G(k) using the polarization degree of freedom in photonic crystal implementations, which has already been shown to lead to important effects with other structured baths [71] [72] [73] . Another research direction consists of exploiting the unconventional emission patterns and interactions found along the manuscript for applications, e.g., quantum state transfer into one or several nodes using chiral or V-type emission, respectively; quantum simulation [27, 28] , by turning the dissipative interactions into coherent ones introducing superlattice geometries [74] ; or generating non-trivial driven-dissipative stationary states [38, 39] beyond one-dimension.
is conserved, and in the single-excitation regime, the norm of this operator can be upper-bounded by:
where g = max{|g n |}. It must be noted that when considering the full dynamics with H S + H B , the density of states will also enter into play in the discussion, i.e., suppressing (or enhancing) the contributions of the different sidebands at frequencies jω. In the examples considered along the text, since the density of states is peaked around ω a , the sideband contributions are suppressed compared to the time-averaged component. The opposite behaviour (enhancement of sidebands) can also be used an extra degree of freedom to design more exotic quantum optical phenomena beyond the time averaged terms of H int,mov (t).
CALCULATING THE EMISSION PATTERNS
The global Hamiltonian of the system: H = H S + H B + H int conserves the number of excitations:N = ∑ j σ j ee + ∑ k a † k a k , no matter whether H int is time-dependent or not. Thus, if we consider a single QE initially excited as the initial state: |Ψ(0) = |e ⊗ |vac , the global state at any time can be written as:
where the coefficients can be always obtained by numerically solving i |Ψ(t) dt = H(t) |Ψ(t) . This is how we obtain the C n (t) plotted in the Figs. 2-4 of the main text. Moreover, by Fourier transforming C n (t) we can obtain the wavefunction in momentum space:
With C k (t) it is easy to define the fraction of light emitted in each of the four directions of Fig. 2(a) at any time:
This is what we use to characterize the fraction of light emitted in one or two-directions in Fig. 4(c-d) . For the chiral emission we plot 1 − F 3 (t), and for the V -shape emission
